


during expansions.” There is much skepticism, however, as to evidence that such
explanations are based on reality. Basu and Fernald (1995, p.166) state: \It is
dizcult, however, to identify many examples of such thick-markets e®ects that a®ect
speci ¢ manufacturing plants."

In this paper, we think of externalities in a di®erent way. In particular, we propose
that they are factor-speci c. That is, that economy-wide increases in capital and labor
have separate bene cial eRects on the production of individual rms. The capital
externality can be thought of arising from shared infrastructure, or from strategic
complementarities from industrialization. For example, Murphy, Shleifer and Vishny
(1989, p.1005) claim that \[...] the pro tability of investment depends on there being
enough other sectors to industrialize so that high future spending justi es putting
down a large-scale plant today. [...] coordinated investment across sectors leads to
the expansion of markets for all industrial goods, and can thus be self-sustaining
even when no rm can break even investing alone.”"” Matsuyama (1991) has a similar
argument in a model of international trade. The labor externality may re®ect the idea
that in booms workers exert more search e®ort, as in Howitt and McAfee (1987); or
that as workers becomes more active, the optimal level of employment rises as costs
of production fall, as in Blanchard and Summers (1988).

Though there have been conjectures in the literature as to how factor-speci ¢
external e®ects might work, to our knowledge there has been little or no progress
on determining the importance of such externalities from either a theoretical or an

empirical point of view. That is, few models allow for such a di®erentiation of types



of e®ects, and no recent empirical work estimates them. In this paper we make
signi cant progress with respect to the theory by incorporating separate externalities
into a model that obtains multiple equilibrium solutions. Our results demonstrate
that it is essential that similar advancement be made on the empirical aspects of this
issue.

We study a less restrictive version of the continuous time two sector model of
Benhabib and Farmer (1996). It is now well known that indeterminacy can result
in this model with empirically plausible returns to scale. However, we di®erentiate
between necessary and potentially super®uous e®ects by allowing externalities to be
factor-speci ¢. In addition, distinct externalities are derived from the use of sector-
speci ¢ versus economy-wide capital and labor.

This paper is not the rst to allow for asymmetric e®ects of capital and labor.
Benhabib and Nishimura (1998) specify two and three sector models in which factor
shares and externalities are allowed to di®er across sectors. In addition, they allow
for decreasing internal and constant overall returns to scale in production. Thus,
increasing returns may come from ~xed costs rather than from a declining marginal
cost schedule. We specify only di®ering externalities, so as to isolate the importance
of these e®ects while assuming constant returns at the rm level. Furthermore,
Benhabib and Nishimura restrict their inquiry into the two sector model to the special
case of utility that is linear in consumption while we examine the more realistic case

of logarithmic utility which, unlike linear utility, is also consistent with balanced



growth.?

In our set-up, depending on the restrictions we place on certain parameters, the
model can collapse to only one sector, so that we have a more general version of
the Benhabib-Farmer-Guo model. In this case, we nd that both capital and labor
externalities are needed for indeterminacy, but that it is the labor externality whose
e®ect drives the result. This is not surprising, given the well known fact that an
upward sloping labor demand curve is necessary for indeterminacy in this particular
model.

Next we examine what happens when we allow for two sectors of production.
Our results can be summarized as follows. We nd that even with no externalities
in consumption, indeterminacy results when the externalities from investment are
su=zciently high. This result is similar to that of Harrison (2000) and Weder (2000).
Furthermore, even with no externalities from labor, indeterminacy results when the
externalities from capital are suzciently high.

Finally, we merge the models and investigate the complementary e®ects of sector-
speci ¢ and aggregate externalities in the two sector model. We nd that adding
aggregate externalities into the model does not reduce the overall increasing returns
that are needed for indeterminacy. On the contrary, a simple trade-o® between
aggregate and sector-speci ¢ externalities is seen.

In order to generate these results, we derive exact analytical solutions for the scale

economies that are required for indeterminacy. With the exception of Benhabib and

2See Harrison (2000) for a model in which utility is of the more general constant relative risk

aversion form.



Farmer's (1994) work on a speci ¢ case of the one sector model, this paper is the rst
to carry out such an exercise. In addition, we are able to provide intuition for each
of our results.

The rest of this paper proceeds as follows. Section 2 presents the model. In
Section 3 we analyze the stability properties of the one sector model. Then we do the
same with the two sector model in Section 4. In Section 5 we consider the general

case with both kinds of externalities in the two sector model. Section 6 concludes.

2 The model

The model is similar to that of Benhabib and Farmer (1996), though it is less restric-
tive. The household derives utility from consumption and leisure; and rms produce
with a constant returns to scale technology and an externality taken as given. All
markets are perfectly competitive. Our model departs from that of Benhabib and
Farmer in one signi cant way: we relax restrictions on the external e®ects in a two
fold manner. First, we have both aggregate and sector-speci ¢ externalities. In this
way, the economy can have only one sector of production, or two separate sectors
that produce consumption and investment goods. That is, we actually have two dif-
ferent models. Second, we allow for factor-speci ¢ externalities. That is, externalities
arising from labor may di®er from those from capital. Most of our results come from

the latter alteration to the model.



2.1 The household problem
The representative consumer maximizes the utility criterion,
pAS

U= U(CgLy ei™dt  %=>0

where Cy; Ly and % stand for consumption, labor, and the rate of pure time preference

respectively. Let instantaneous utility be given by?

U (Ct, Lt) =InC; j ALt A>0:

We assume the standard capital accumulation technology of the form

Ke= I i tKe  £2(0:1)

where Iy is the household's investment expenditures and + denotes the rate of capital
depreciation. Letting w; denote the wage rate and r; the rental rate on capital, the

period income identity is given by

Wikt + 1Ky = Ce + pelt

where py is the relative price of investment and the price of consumption is normalized

to one. Denote by = the shadow value of wealth. Then, the agent's " rst order

3Indivisible labor is standard in the Real Business Cycle literature.



conditions are

Ci'=mpih; @)
A= weapd ! 2
and
St=ytt jrpf? ©)
B¢

where (1) and (2) describe the intratemporal leisure-consumption trade-o® and (3) is
the intertemporal Euler equation for consumption. In addition, the household must

obey the usual transversality condition,

Jlim eifo K, =0:

2.2 The rms' problems

In the consumption sector, the rm maximizes pro t subject to:

y& = Atket®leti®  ®2(0;1)

where

At = Koy R L 1O PR 157,

Here k¢.¢ and I..¢ denote the capital and labor the rm devotes to production of the
consumption good at time t and ® is capital's share in production of the consumption

good. Kt and L.t denote the economy-wide average capital and labor devoted to



production of the consumption good, which are taken as given by the rm. Also taken
as given are K¢ and L, the economy-wide averages of total capital and labor. The
parameters U and pC denote the sizes of the sector- and factor-speci” ¢ externalities
while °§ and °C denote the sizes of the aggregate factor-speci ¢ externalities. That
is, the sector-speci ¢ externalities are bene ts from the sector-speci ¢ inputs only
while aggregate externalities come from all inputs. Recall that it is the distinction of
externalities over di®erent inputs that establishes a novel aspect of this paper.

In the investment sector, the rm maximizes pro t subject to:

yt' = Btkl;t®ll;tli®

where

_ ol = ol
By = Kl;t®u:<|—l:t(ll®)u'l‘K? KL51I®) H

Here k;.¢ and I;.¢ denote the capital and labor the rm devotes to production of the
investment good. K. and L.t denote the economy-wide average capital and labor
used in such production, which are taken as given. The parameters plc and p} denote
the sizes of the sector- and factor-speci ¢ externalities while °}. and °| denote the
sizes of the aggregate factor-speci ¢ externalities.

Given their goals of maximizing pro ts, rms hire capital and labor to satisfy:

_®yf _ @yl
kc;t ¢ kI it

It
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and

- C = |
Wy = di®yr _ bt (1L ®)y; :
Ic;t II;t

Throughout the paper, we study cases in which returns to scale are nondecreasing,
but not large enough to induce endogenous growth. That is, we assume that the

following holds.

Assumption The level of returns to scale arising from each externality is always
nondecreasing: u} . 0Oand °Ji . 0fori=C; I and j = K; L. However, the level of

increasing returns from all sources is modest: ®(1 + pji + °Ji) <14

2.3 Equilibrium and Dynamics

In competitive symmetric equilibrium we have ket = Kt and It = Lct. Further,

we can write

C — 11O+ OUE | PUHIR+R)| i@+

and

)lei®)(1+u.'_+°.'_)

| ol
Ytl = j 1t)1+®p:(+(1i®)p|'_Kt®(1+HK+ K

4Our de nition of modesty includes values of the externality that are empirically plausible given

evidence in Basu and Fernald (1997) and Harrison (1998).
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where Y,“and Y, denote economy-wide average values of output of the two sectors

and
1 - K_tc e L_tC
YOKe Ll
Factor prices are given by
e =@ j 1)k IO CLHTO 1Y) QIO+l D) )
and
we = (1§ ®)(L § TPk +AiOnl O i) QIO+ Dil, ©)

Also, we can solve for the relative price of investment:

®uZ +(1i®)uf
Yt O i ke +7R T 1) QIUE THL+ T i D). 6
t t : ©6)

pt = (1 . 1t)®p:(+(1i®)p|'_

We de ne a perfect foresight equilibrium as follows.

De nition A perfect foresight equilibrium is a path (K¢; L¢; 2; ©@¢) and an initial
capital stock K(0) > 0 satisfying (1) to (5). In addition, markets clear and the

resource constraints and transversality condition hold.

The model does not have a closed form solution. Thus, we derive local dynamics

by Taylor approximating around the steady state. The behavior of the model boils

12



down to the two-dimensional system
2 3 2
log =, log 2 j log =
: =J Q)
log K log Ky j log K
where J is the 2£2 Jacobian. From (7), the equilibrium of the model is indeterminate
if there exists an in nite number of (locally) perfect foresight equilibrium sequences
of capital and the shadow price, given an initial capital stock. Recall that = is a non-
predetermined variable and that K, is predetermined. Thus, indeterminacy requires
that both eigenvalues of J have negative real parts. Since the trace of the matrix

is the sum of its eigenvalues and the determinant is the product of the eigenvalues,

indeterminacy can be restated as
Trd <0 < DetJ:
Similarly, the steady state is saddle path stable if DetJ < O and it is a source if
TrJ>0 and Detd>0:

In the next three sections we examine three di®erent versions of the model. In the
“rst version, there are no sector-speci ¢ externalities, only aggregate externalities.
In this case, the model is similar to the one sector model of Benhabib and Farmer
(1994) { in fact, theirs is a special case of the present model. In the second version,

there are no aggregate externalities and the model has two sectors of production as in

13



Benhabib and Farmer (1996), Harrison (2000) and Weder (2000). In the last version,
we examine the complementary e®ects of sector-speci ¢ and aggregate externalities
in the two sector model. Under various restrictions, we nd analytic expressions for
the trace and determinant of the J matrix for each model. This method allows us
to nd exact conditions under which indeterminacy can result. While Benhabib and
Farmer (1994) carry out a similar analysis for a special case of the one sector model,
this paper is the " rst to do so for the two sector and merged models. Our ndings tell
us that in the one sector model externalities are required in both capital and labor
while in the two sector model a necessary and su=cient condition for indeterminacy

is that a certain size capital externality operate.

3 The one sector model

In this section we set u} =0fori=C; 1 and j = K; L but allow for positive values

of the aggregate externalities. In this case, (6) becomes

Il
[

Pt

so that output, Yy, is produced in only one sector and is given by

Yt — YtC + pthl — Kt®(1+°K) Lgli®)(l+°L)

where we have omitted superscripts on the externality parameters. The model reduces

to the one sector model of Benhabib and Farmer (1994), except that they restrict
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3.1 Stability properties

For this model, the determinant and trace of J are given by

)R+ L i®))@®(1+°k)il)
Det) = @i (1i®)°]

and

@+ ()% i (L O°,

Trd
®ili®°

Given our assumed upper bound on increasing returns, the determinant is always

positive for

®.
1;j®

o omin —
L= L —

©))

This is the necessary condition for indeterminacy. Interestingly, this condition is
analogous to that in Benhabib and Farmer (1994). That is, when we assume factor-
speci c aggregate externalities, the level of externality necessary for indeterminacy
stays the same as when ° = °, = °: Following the calibration suggested by Ben-
habib and Farmer (1996), i.e. ® = 0:3; £ = 0:1; and % = 0:05; which will serve as our
model calibration throughout the rest of the paper, °"" = 0:4285, which is clearly
outside the empirically plausible range given evidence in Basu and Fernald (1997).
For suzciency, we need the trace to be simultaneously negative. Assuming (8)

holds, a negative trace requires
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Y

Y+t

o

K = (1i®°i0®); ©

which is positive but in nitesimally close to zero as °, approaches °™". We are able

to formulate the following Proposition.

Proposition 1 Indeterminacy arises in the one sector model if and only if

1 ° 1
(h+£)° +@% ®

o

L>—:
) 1j®

Figure 1, which is drawn to scale in accord with our model calibration, illustrates
the stability properties of this model. With °; on the horizontal axis and ° on
the vertical axis, we see how the equilibrium changes when °, > °"_ When °, >
%((1 i ®)°_ i ®)=(%+ 1), the move is from determinacy to indeterminacy at °["".
On the other hand, as °| increases, and if instead ° < %((1 §j ®)°_ i ®)=(%+ 1),
the system becomes a source.

The equilibrium of the one sector model is determinate for suzciently low levels
of externalities that arise from aggregate labor. Therefore, the indeterminacy mech-
anism appears to be founded in the labor market, re®ecting the now well known
story that indeterminacy results because of an upward sloping labor demand curve.
However, Proposition 1 restricts the parameter space for indeterminacy even further.
First, a suzciently high labor externality is not enough. The capital externality must
also be strictly positive, but it can be extremely small. Second, given (honnegative)

capital externalities, °; must not be too high, otherwise the system becomes a source.
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4 The two sector model

In this section we set °} =0fori =0C; 1 and j = K; L but allow for positive
sector-speci ¢ externalities. In this case, the model reduces to a more general version
of that analyzed by Benhabib and Farmer (1996). There are now two distinct sectors
of production: consumption and investment. As above, we nd expressions for the
determinant and trace of the J matrix and conditions for indeterminacy. We nd that
indeterminacy can result in this model even with no externalities in consumption. We
also nd that indeterminacy can result with no externality from labor, as long as the
externality from capital is above a certain minimum. However, the opposite is not

true.

4.1 Stability properties

In the most general case, allowing factor- and sector-speci ¢ externalities to take on

distinct values, the eigenvalues of J are described by:

t(h+1) %+ (L i @)@ +pk) i 1)
R+ UL+ Li®)uk i 1i®®B+)u

Detd =

and

Try = O +OET i W+ @R i W1 i ®) e+l
@ @G+ 1 i @) i 1i®) G+

Note that neither u$; nor pC appear in these expressions. That is, consumption
externalities do not a®ect the stability properties when utility is logarithmic. This

result is reminiscent of Harrison (2000) and Weder (2000). It can be understood as
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follows. As returns to scale in consumption increase, consumers will want to smooth
consumption due to risk aversion. On the other hand, in order to take advantage of
the increasing returns to scale, they might prefer volatile consumption. These two
e®ects work against each other, but the higher the risk aversion, the more the desire
to smooth will dominate. With logarithmic utility, the two e®ects exactly cancel.
Because of this, our discussion hereafter focuses only on externalities arising from
investment.

Using the formulas for the trace and determinant, we can formulate our next

Proposition.

Proposition 2 In the two sector model, indeterminacy results if only if °

3 -~

PO+ (1ji®)uk <h@i® @+l jO+h<® 2 j W+ pk:

In order to make the stability properties dictated by Proposition 2 more trans-
parent, Figure 2, which is also drawn to scale for our model calibration, summarizes
the di®erent regions that arise in the p j 1l jplane. The downward sloping segment
demonstrates that as the labor externality increases, the size of the capital external-
ity needed for indeterminacy decreases. This can be understood by examining the
mechanism by which multiple equilibria result in the two sector model. They are
the consequence of self-ful 1ling sequences of the return on capital, which is a func-

tion of both its relative price and its marginal product. Rises in pk aid in creating

5The result as stated here requires % < +; which holds under reasonable parameterizations. With-

out this assumption, the indeterminacy region may become even larger.
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self-ful”lling expectations of the relative price while rises in u! do the same for the
marginal product of capital. In the presence of suzcient increasing returns pl; and
upon the expectation of an increased return on capital, the household will initially
increase its investment activity, inducing a fall in the relative price. When operating
along an optimal path, this initial reallocation must be checked by decreasing invest-
ment activity in the future. Consequently, the relative price will ultimately rise again.
It is this pricing sequence that constitutes the self-ful lling reaping of capital gains at
modest increasing returns in multisector models. In addition, with increasing returns
to labor, a rise (fall) in labor leads to a rise (fall) in the marginal product of capital.
Since both of these processes contribute to the self-ful lling expectations, there is
a certain complementary relationship between the two types of externalities in that
agents seek to take advantage of any increasing returns to investment, regardless of
the factor from which these returns are derived.

Along the upward sloping portion, the equilibrium changes from indeterminate to
a source. It is interesting to note that these results imply that given a value of u! , as
Uk increases, the equilibrium of the model remains indeterminate. However, given a
value of pi, as J} increases, the steady state becomes a source. Interestingly, here
the one and the two sector models observe some equivalence, since it is always the
externalities associated with labor that induce the steady state transformation from
sink to source.®

Three interesting special cases of Proposition 2 arise. First, setting pk = pul =y,

%The corresponding global analysis is beyond the scope of this paper.
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which is the only case considered by Benhabib and Farmer (1996), we have:

Proposition 3 In the two sector model, when pl =p! = ', indeterminacy results
if and only if *

@2+ | @+t

< ———— < < .
b+ (1100 " et (1+0)er) 0L

This case is plotted in Figure 2 as the pic = p| {line. Denoting the mini-
mum and maximum investment-sector-speci ¢ externalities p!... and pl . we have
ul . =0:0638 and p! ., = 0:1764 under our model calibration. Within this range are
empirically plausible values. Above the second value, the steady state is a source.?

The two other special cases are as follows. First, setting plc =0,
TrJ=%>0

so that the steady state cannot be a sink. If, however we set p,'_ = 0; we nd that

indeterminacy arises for
IS ® .
M= v (11 @)

Therefore, we have

Proposition 4 In the two sector model with plc = 0, indeterminacy cannot result.

“Under some calibrations, the upper bound on p' does not appear. This is the case for larger

capital shares and lower discount rates than in our calibration.
8At phax, the model has a simple pair of imaginary eigenvalues and a Hopf bifurcation takes

place. The corresponding analysis is beyond the scope of this paper.
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However, with p! =0, indeterminacy results if and only if

I [ _ ®= )

Hk = Mk min = b (L] O
These results can also be seen by examining the intercepts in Figure 2. Under
our model calibration, pk i, = 0:25; which is about four times larger than in the
case when we restricted plc =y} . That is, despite the fact that externalities in labor
cannot generate indeterminacy alone { since they are not able to set in motion the
self-governing pricing sequence { without them, the externality from capital must
be stronger. This makes clear again that there is a complementary relationship, as
discussed above, between the two types of externalities in producing indeterminacy.
It is appropriate at this point to compare the values of °", . and pk min-

We have the following corollary:

. .
Corollary In the models, minimum scale economies that imply indeterminacy °™"; u}in; bk min

are such that

| | omin
Hmin < MK min < L

for every parameter constellation (®;1;%).

Proof. Suppose that the left hand side inequality does not hold. Then,

W+ (1@ _%h+(1je):
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or

(F+)®31) .0

which clearly is contradicted by the assumptions made on the model parameters. In

addition, if we suppose that the second inequality does not hold, we have

t(1j®)>%+(1j0®)

or

0=%

which is also contradicted.

The above demonstrates that the minimum externalities needed for indeterminacy
are always larger in the one sector than in the two sector model, and that leaving out
the labor externality always raises the required capital externality in the two sector

model.

5 The two sector model with aggregate externalities

In this section we assume the presence of both sector-speci ¢ and aggregate exter-

nalities. Now we have

t(h+1) G+ (Li ®))(@L+°k +1i) i 1)

Detd = | |
@+ fOH+Li®)U i Li® G+ i®(lij®°]
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and

®%t + O j ¥ +Oth)c i WL i ®) (h+ U +@(+ 1)) i OH(L ®)°'

Trd =
@+ § O+ (1i®D)ue i (Li® G+ i@ je)°]

We note that °!. has no e®ect on the determinant. Thus, it does not in®uence the
necessary condition for indeterminacy. Given the results in Propositions 2 to 4, and
as seen in Figure 2, we can disregard the e®ects of p| : Therefore, we restrict our
analysis to simply pk and °!'. From the condition for a positive determinant, we can

derive the following:

Proposition 5 In the two sector model when u! = 0, indeterminacy arises if and

only if 9

- - ol
il > ®i1 i (1 |_®)i L.
h+ (11 ®)

Note that when pK = 0; this condition becomes °' > 1®®, which is the same as

°[“” from the analysis of the one sector model. When °,'_ = 0; we need uk > %Jr((fﬁ,

which is the same as pk ., from the analysis of the two sector model. Allowing for
both types of externalities does not reduce the minimum overall amount needed for
indeterminacy. One way to see this is to observe that

@U-Kmln(o ) — i(l i ®)i
@°! h+ (1§ ®)t

“We note that, given that we disregard the eRects of °}. and y} , it is straightforward to show that
whenever the determinant is positive the trace is negative, so that this condition is both necessary

and su=cient.
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Thus, reducing sector-speci ¢ externalities yet keeping up indeterminacy requires a
more than proportional increase in aggregate externalities. In Figure 3, which is again
scaled to match our model calibration, we depict the line between determinacy and
indeterminacy. With °] on the horizontal axis and uk on the vertical axis, the
intercepts are the same as in Figures 1 and 2 respectively. The downward sloped
line shows the trade-o® between sector-speci ¢ and aggregate e®ects. Essentially, as
we move down it, the model is changing from one with two sectors to one with only
one sector. The \45 degree line" is also drawn to emphasize the fact that adding in
aggregate externalities does not reduce the level of overall externalities needed for
indeterminacy. Harrison and Weder (2000) nd a parallel result in a model that does

not allow for factor-speci ¢ external e®ects.

6 Conclusion

This paper o®ers further inquiry into sources for indeterminacy in general equilibrium.
We take a more agnostic path than previous work as we allow for a more general
setup and interpretation of externalities. In particular, we identify the origin of scale
economies (either from labor or capital) that induces multiple equilibria. We nd
that in the one sector model it is primarily the externalities associated with labor
that generate the result. Matters are di®erent in the two sector model, however. Here
indeterminacy can be ultimately traced back to the external e®ects from capital in
the investment sector. It is these externalities that set in motion the countercyclical

pricing sequence that constitutes indeterminacy in the two sector model. These
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results dictate that further empirical research, estimating separate external e®ects for
capital and labor, is imperative. We plan to pursue this project in the near future. We
also show that versions of the model that consider both kinds of externalities do not
reduce the level of overall externalities needed for multiple equilibria. In fact, it is the
two sector model with sector-speci ¢ externalities alone that obtains indeterminacy

at minimal departures from constant returns.
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7 Appendix (not to be published)

7.1 Dynamics of one sector model

The model is completely described by the following three equations. Labor market
clearing implies

A=l j @K ROLEIOWDIL,

The shadow value of wealth &y must obey

zt + 4+ 1/2 i ®Kt®(1+°K) i 1L'(:1 i®)(1+°L)
t

and capital accumulates according to

% = KEWFRIL @iOA+) ¢y pilkil;

It is easily shown that the steady state is unique. It implies

Y b+t

K ®

Here, the time subscript has been dropped to indicate stationary values. The associ-

ated Jacobian matrix J is given by

2
E+HR)Li®)A+° ) E+H)(®° K +(1i®)°) )
ng QLi®pLi® Li®pLi®

++h @2 +@H(1i®)°, (G +HA(I+°,) i®++(1i®)+°,
®@®i(li®)°) ®i(i®)°_
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7.2 Dynamics of two sector model
The set of the following four equations constitutes the two sector dynamics. Labor

market clearing is described by

A= nt(l i ®)(1 i 1t)®p:(+(li®)p||_Kt®(l+U|l()Lgli®)(1+U|I_)il:

The rst order condition for consumption and the production function of the con-

sumption good together imply

1t(®“&+(1i®)uf)(li%)i%(l i 1t)i®uki(1i®)ull_

_ ntK?%(““k) i OE iHi) L& i ©)%(1H) i (Li O R i M)

The two intertemporal equations follow. The shadow value of wealth &; must obey

% =++% 0O j 1t)®p:(+(li®)u|'_Kt®(1+H|l<)i1L51i®)(1+H|I_)
t

and capital accumulates according to

Et (1 1t)1+®p;<+(1i®)p'L Kt®(1+u:<)i1|_sli®)(1+u|'_) P+
t

The two intertemporal equations entail in steady state that

®+
- 1 — .
1j vyt

30



The steady state is unique. The loglinearized model consist of two set of equations.

The intratemporal equtions imply

2 2
g loga: j log = g logLt j logL
2l

logK; j logK logt; j log*

and the intertemporal equations are
2 3 2
log = log & j log =
) =J; + Js

log K, log K j log K log1, j log

logL; j logL

OOO) N

The model reduces to

3

2 _ 2
glogntz glogntalogn
=J

log K log K j log K
with
J=3+35

[ ]
12 nl

where J denotes the 2 £ 2 Jacobian matrix of the linearized dynamical system
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Figure 1: Stability Properties of the One Sector Model
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Figure 2: Stability Properties of the Two Sector Model
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Figure 3: Stability Properties of the Two Sector Model with Aggregate Externalities
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